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In this paper, we mainly study both neutral and charged pions’ properties in a constant magnetic
field B at zero temperature within the Nambu–Jona-Lasinio model. By adopting the linear response
theory based on imaginary-time path integral, we derive the correlation functions for pions in the
coordinate space and the corresponding Schwinger phases show up automatically. The pole masses of
charged pions are defined by their ground state energy following the conventions of lattice quantum
chromodynamics. In this way, we are able to show the gauge invariance of the masses which increase
monotonically with B as expected.
PACS numbers:
I. INTRODUCTION
The properties of quantum chromodynamics (QCD)
matter under strong magnetic fields have recently at-
tracted worldwide attentions in high energy nuclear
physics [1–4]. The popularity of these topics is mainly
relevant to the strong B found in various real QCD sys-
tems: the surface of magnetars [5, 6], the inner core
of pulsars and the relatively short-lived B produced in
non-central heavy ion collisions [7–9]. Plenty of intrigu-
ing magnetic field induced effects can be checked in re-
cent or future experiments, such as chiral magnetic ef-
fect [10, 11], neutral pion condensation and disputable
vacuum superconductivity [12, 13].
The feature of chiral symmetry breaking and restora-
tion is one of the most important aspects of QCD un-
der various circumstances. Concerning a thermal QCD
system in pure magnetic field, the unexpected inverse
magnetic catalysis effect was discovered around the crit-
ical temperature, compared to the magnetic catalysis
one at zero temperature [14, 15]. In a magnetic field,
only chiral Uτ3(1) symmetry is left in the Lagrangian,
so only neutral pion is the pseudo-Goldstone boson in
the chiral symmetry breaking phase. Nevertheless, the
properties of both neutral and charged pions have been
extensively studied in external magnetic field by utiliz-
ing lattice simulations [16–19] or chiral effective models,
such as Nambu–Jona-Lasinio (NJL) model [20–23], lin-
ear sigma model [24, 25] and chiral perturbation theory
[26, 27]. For neutral pion, there is no ambiguity on the
definition of its pole mass as the Schwinger phase van-
ishes, and the mass was found to decrease with weak B
and then increase with stronger B. However, the calcu-
lated pole mass of charged pion was different one from
another due to the non-vanishing Schwinger phase. It
was unexpected from the lattice simulation [19] that the
charged pion mass even decreases with large magnetic
field.
Before we find a way to understand the lattice results
for charged pion, the gauge dependence of the pole mass
should be solved first. In the framework of NJL model,
mesons are regarded as collective excitations of quark-
antiquark pairs and are usually studied in random phase
approximation (RPA), which guarantees Goldstone the-
orem and is powerful for the derivation of the inverse
propagators of mesons in momentum space [28–30]. For
charged mesons, momenta are no longer good quantum
numbers in external magnetic field due to the Schwinger
phase, thus RPA is not so useful [31] . The way out is
to derive their two-point correlation functions directly
in coordinate space under the linear response theory
[32, 33], and determine their masses by the ground state
energies just following that in lattice simulations [17].
The paper is organized as follows. In Sec.II, we
present the main formalism within the framework of
Nambu–Jona-Lasinio model and especially derive the
correlation functions of both the neutral and charged
pions by applying the linear response theory. Then, the
numerical results for the pion masses are illuminated in
Sec.III and a summary is given in Sec.IV.
II. FORMALISM IN NAMBU–JONA-LASINIO
MODEL
For an SU(2) QCD system in a constant magnetic
field along zˆ direction, the following Lagrangian density
of NJL model is adopted [30]:
LNJL = ψ¯
(
i /D −m0
)
ψ+G
[
(ψ¯ψ)2 +
(
ψ¯iγ5τψ
)2]
, (1)
where ψ = (u, d)T represents two-flavor quark field, m0
is the current quark mass, G is the effective coupling
and τ are Pauli matrices in flavor space. Here, the co-
variant derivative Dµ = ∂µ− iQAµ with the charge ma-
trix Q = diag(2e/3,−e/3) in flavor space, and a general
Abelian vector potential will be used for the study of
gauge dependence:
Aµ =
(
0,−cBy
2
, (2− c)Bx
2
, 0
)
c ∈ [1, 2]. (2)
One can easily check that the symmetric and Landau
(extremely asymmetric) gauges are given by c = 1 and
c = 2, respectively.
The following derivations will be performed in Eu-
clidean space by taking a Wick rotation such that /D →
/DE with ∂t = i∂τ , γ0 = iγ4 and k0 = ik4. Then, we ap-
ply Hubbard-Stratonovich transformation: σ = −2Gψ¯ψ
and pi = −2Gψ¯iγ5τψ, and integrate over quark degrees
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2of freedom to obtain the partition function as
Z [JP ] =
∫
[dσ] [dpi] exp {−S [σ,pi; JP ]} ,
S [σ,pi; JP ] =
∫
d4x
σ2(x) + pi2(x)
4G
− Tr ln iGˆ−1JP (x, x′) .
(3)
Here, the inverse quark propagator with external cur-
rent sources JP (x) and JP∗(x) is
iGˆ−1JP (x, x
′) = 〈x|{i /DE − [σ(x) + iγ5τ · pi(x) +m0]
−JP (x)ΓP − JP∗(x)ΓP∗} |x′〉 , (4)
where ΓP are the quark-pion vertices with the explicit
forms: Γpi0 = iγ5τ3 and Γpi± = iγ5(τ1 ∓ iτ2)/
√
2 , and
ΓP∗ are their charge conjugate.
The introduction of external sources is just for the
convenience of deriving the connected correlation func-
tions, which are defined as
GP (τ, r) ≡
〈
Tτ (ψ¯ΓPψ)τ,r(ψ¯ΓPψ)
†
0,0
〉
c
(5)
with one end fixed at the origin and Tτ denoting the
imaginary-time ordering. Actually, with the generating
function given by W[JP ] = − ln {Z[JP ]}, the connected
correlation functions can be straightforwardly related to
the variations of W[JP ] as
GP (τ, r) =
δW[JP ]
δJP (τ, r)δJP∗(0,0′)
∣∣∣∣
JP=JP∗=0
. (6)
Usually, the connected correlation functions can be ex-
panded to the exponential series in Euclidean space-time
[17], such as
Gpi(τ) =
∑
n
〈0| (ψ¯ΓPψ) |n〉 〈n| (ψ¯ΓPψ)† |0〉 e−τEn , (7)
where En is the eigenenergy with n the quantum num-
bers. For large enough τ , only the ground state with
energy E0 dominates the contribution to Gpi(τ), and it
is natural to define E0 as the pole mass. So, after inte-
grating over the spatial coordinates, we can simply use
an exponential function A exp(−E0τ) (with A constant)
to fit the correlation function at large τ and get the pole
mass as mpi = E0.
With the presence of the external sources, the auxil-
iary fields in principle can be separated into three parts:
the expectation values (EVs) without sources, the EVs
corresponding to JP (x) and the physical fluctuations
beyond mean field approximation (MFA) – the last two
depend on space-time. In the usual chiral symmetry
breaking phase, the auxiliary fields are
σ(x) = v + σ¯(x) + σˆ(x), (8)
pi(x) = p¯i(x) + pˆi(x). (9)
where v is the chiral condensate, σ¯(x) and p¯i(x) are the
EVs corresponding to JP (x), and σˆ(x) and pˆi(x) are
quantum fluctuations. In MFA, the generating function
becomes
WMF[JP ] = S [v + σ¯(x), p¯i(x); JP ] , (10)
and the source dependent EVs of pions are determined
by the extreme condition:
δWMF[JP ]
δp¯i(x)
= 0. (11)
It has been illuminated in Ref.[32, 33] that the linear
response theory in MFA recovers the result given by
RPA in the absence of magnetic field.
For small sources, the corresponding EVs should also
be small, thus we can expand the full quark propagators
over the small source and fluctuation terms. Then, the
trace term Tr ln iGˆ−1JP (x, x
′) in the action Eq.(3) becomes
Tr ln iGˆ−1B (x, x′)−
∞∑
n=1
1
n
Tr[−iGˆB(x, x′)ΣJ(x)]n, (12)
where the free quark propagator in a magnetic field is
given by
iGˆ−1B (x, x′) = 〈x|
(
i /DE −M
) |x′〉 (13)
with M = v +m0 and the small meson terms are
ΣJ(x) = σ(x) + iγ5τ · pi(x) + JP (x)ΓP + JP∗(x)ΓP∗ .
(14)
The form of GB (x, x′) could be generally presented
as eiΦ(x,x
′)G˜B (x− x′) [31], where the Schwinger phase
eiΦ(x,x
′) is responsible for the breaking of translation
invariance in the x − y plane. The Fourier transforma-
tion G˜B (q) of the translation invariance part G˜B (x− x′)
have been evaluated in Euclidean space as [3, 34]
G˜fB(q) = −i
∫ ∞
0
ds e
−s
(
M2+q2‖+q
2
⊥
tanh(Bfs)
Bfs
) [
m− /q + i (q2γ1 − q1γ2) tanh(Bfs)
]
[1 + iγ1γ2 tanh(Bfs)] , (15)
where s is the proper-time variable, and q⊥ = (q1, q2)
and q‖ = (q3, q4) are transverse and longitudinal mo-
menta, respectively. An abbreviation is used here:
Bf = QfB (f = u, d).
Now, we can expand WMF[JP ] in powers of the ex-
ternal sources JP and JP∗ and arrange that according
to their total power n as WMF[JP ] =
∑∞
n=0W(n)MF[JP ],
where the n-th orderW(n)MF[JP ] follows directly from the
second term in Eq.(12). To study the linear response,
just the first three orders need to be considered. Ac-
3cording to the extremal condition ∂W(0)MF/∂v = 0, the
zeroth order just recovers the gap equation in magnetic
field [34]
(M −m0)
2G
=
NcM
3
pi2
[
Λ
M
√
1 +
Λ2
M2
− arctanh
(
Λ√
M2 + Λ2
)]
+
NcM
4pi2
∑
f=u,d
∫ ∞
0
ds
e−M
2s
s2
[ Bfs
tanh(Bfs) − 1
]
, (16)
where we have taken the vacuum regularization scheme
with three-momentum cutoff Λ. And the first order
W(1)MF[JP ] automatically vanishes due to the extremal
condition of the zeroth order. In the following, we only
focus on the pions and the linear response is character-
ized by the quadratic terms given by:
W(2)MF [JP ;pi] =
∫
d4x
pi2(x)
4G
+
1
2
∫
d4xd4x′Tr [iGB (x, x′)
×ΣJ (x′) iGB (x′, x) ΣJ (x)] . (17)
A. Neutral Pion pi0
Because of electric neutrality of pi0, the Schwinger
phases of quark and antiquark cancel each other in the
evaluation of polarization function. So the propagator of
pi0 maintains translation invariance in a magnetic field
and can be conveniently presented in momentum space,
similar to a neutral point particle. By taking Fourier
transformation of Eq.(17) and substituting Eq.(15) into
it, we can work out the polarization function of pi0 as
ΠBpi0pi0(K) = −4Nc
∫
d4P
(2pi)4
∑
f=u,d
∫ ∞
0
dsdt e
−s
(
M2+P2‖+P
2
⊥
tanh(Bfs)
Bfs
)
e
−t
[
M2+(K+P)2‖+(K+P)
2
⊥
tanh(Bf t)
Bf t
]
×
{
sech2(Bfs)sech2(Bft)P⊥ · (K+P)⊥ +
[
M2 +P‖ · (K+P)‖
]
[1 + tanh(Bfs) tanh(Bft)]
}
,(18)
where Nc is the color degrees of freedom of quarks. By
applying the vacuum regularization scheme [13, 35], the
polarization function can be regularized as:
Πpi0pi0(K) = ∆Π
B
pi0pi0(K) + Π0(K), (19)
where the magnetic field dependent part ∆ΠBpi0pi0 =
ΠBpi0pi0 − limB→0 Π
B
pi0pi0 and the vacuum term can be pre-
sented in momentum space as
Π0(K) = −
∫ reg d4P
(2pi)4
8Nc
[
M2+P · (P+K)]
[M2+(K+P )2] (M2+P 2)
.(20)
The extremal condition Eq.(11) gives p¯i0 as a function
of Jpi0(K) and Jpi0∗(K)
p¯i0(K) = − Jpi0(K) + Jpi0∗(K)
1 + [2GΠpi0pi0(K)]
−1 . (21)
Then, the full variations ofW(2)MF with respect to Jpi0(K)
and Jpi0∗(K) give the correlation function of pi
0 in mo-
mentum space as
Gpi0(K) =
[
2G+
1
Πpi0pi0(K)
]−1
, (22)
which recovers the result given by RPA. As we have
interpreted in last section, pi0 will damp with Euclidean
time τ as
Gpi0(τ) =
∫
d3r
∫
d4K
(2pi)4
Gpi0(K)e
−iK·X
=
∫ ∞
0
dK4
pi
cos(K4τ)Gpi0(K4).
(23)
For vanishing K, by integrating out the internal energy-
momentum P and making substitutions: s→ (1+u)s/2
and t→ (1−u)s/2, Πpi0pi0(K) reduces into the following
form:
4ΠBpi0pi0(K4) =
Nc
8pi2
∑
f=u,d
∫ ∞
0
ds
∫ 1
−1
due
−
(
1−u2
4 K
2
4+M
2
)
s
{[
K24 (1− u2)
4
− 1
s
−M2
]
(Bf coth(Bfs)− B
2
f
sinh2(Bfs)
}
.
(24)
Finally, the vacuum term in Eq.(19) can be simplified
into
Π0(K4) = −Nc
∫ Λ
0
d~P
8
pi2
~P 2
√
~P 2 +M2
4(~P 2 +M2) +K24
(25)
by adopting the three-momentum cutoff.
B. Charged Pion pi±
Unlike pi0 , the Schwinger phases of quark and an-
tiquark play roles in the correlation function of pi± in
coordinate space. For simplicity, we can choose the in-
tegration path in the Schwinger phase along a straight
line from (x, y) to (x′, y′). Then, the form of the phase
term can be worked out explicitly as
Φ (r⊥, r′⊥) ≡ e
∫ r′⊥
r⊥
Aµ dx
µ
=
eB
2
{x [(c− 1)y + y′]− x′ [y + (c− 1)y′]}
(26)
by applying the general gauge defined in Eq.(2).
For the charged case, it is convenient to introduce
auxiliary field operators to absorb the Schwinger phase
and formally restore the translation invariance of the
formalism. They can be defined as
{
O˜(x) ≡ O(x)eiΦ(x,0)
O˜(x′) ≡ O(x′)eiΦ(0,x′) (27)
with O = pi±, Jpi± . It is easy to prove that
Gpi±(τ, r, r
′) = eiΦ(r⊥,r
′
⊥) δW[J˜pi± ]
δJ˜pi±(τ, r)δJ˜pi∓(0, r′)
∣∣∣∣∣
J˜pi±=0
,
(28)
where the exponential prefactor recovers the Schwinger
phase of a charged point particle and the tilde correla-
tion function only depends on r − r′. Focusing on the
tilde correlation function, the polarization function of
pi± can be derived in energy momentum space as
ΠBpi±pi∓(K) = −8Nc
∫
d4P
(2pi)4
∫ ∞
0
dsdt e
−s
[
M2+P2‖+P
2
⊥
tanh(Bds)
Bds
]
e−t[M
2+(K+P)2‖+(K+P)
2
⊥
tanh(But)
But ]
×
{
sech2(Bds)sech2(But)P⊥ · (K+P)⊥ +
[
M2 +P‖ · (K+P)‖
]
[1 + tanh(Bds) tanh(Bds)]
}
.(29)
Then, we can follow similar procedure as the previous
section to find the regularized polarization function as
Πpi±pi∓(K) = ∆Π
B
pi±pi∓(K) + Π0(K) (30)
with ∆ΠBpi±pi∓ = Π
B
pi±pi∓ − limB→0 Π
B
pi±pi∓ . The EVs of pi
±
determined by extremal condition in momentum space
are given as functions of J˜pi±(K) as:
¯˜pi
±
(K) = − J˜pi∓(K)
1 + [2GΠpi±pi∓(K)]
−1 . (31)
And the linear response theory gives the effective prop-
agator as
Gpi±(K) =
[
2G+
1
Πpi±pi∓(K)
]−1
. (32)
After integrating over P and making variable trans-
formations of s and t, the polarization function of pi±
becomes
ΠBpi±pi∓(K) =
Nc
4pi2
∫ ∞
0
ds
∫ 1
−1
du
e
−K
2
4(1−u2)s
4 −M2s−
K2⊥
Bd coth(B+d s)+Bu coth(B
−
u s)
tanh
(B+d s) /Bd + tanh (B−u s) /Bu
{[
K24 (1−u2)
4
− 1
s
−M2
] [
1 + tanh
(B+d s)
× tanh (B−u s)]+ sech2 (B−u s) sech2 (B+d s)
tanh
(B+d s) /Bd + tanh (B−u s) /Bu
[
K2⊥
Bd coth
(B+d s)+ Bu coth (B−u s) − 1
]}
, (33)
5where B−u = Bu(1 − u)/2 and B+d = Bd(1 + u)/2. Transforming the effective propagator back to coordinate space,
collecting up the Schwinger phase and integrating out spatial coordinates, we find the τ dependence of the correlation
function of pi± as
Gpi±(τ) ≡
∫
d3r Gpi±(τ, r, 0) =
∫ ∞
0
dK4
cos (K4τ)
pi
∫ ∞
0
dK2⊥
(c− 1)eBJ0
[
K2⊥
(c− 1)eB
]
Gpi±(K⊥,K4). (34)
Here, J0(x) is the first kind Bessel function, which gives up to an asymptotic form:
lim
c→1
J0
[
K2⊥/(c− 1)eB
]
(c− 1)eB = δ
(
K2⊥
)
(35)
in the symmetry gauge c = 1.
III. NUMERICAL CALCULATIONS AND
DISCUSSIONS
In two-flavor NJL model, the parameters were fixed
as G = 4.93 GeV2, Λ = 0.653 GeV and m0 = 5 MeV by
fitting to the pion mass mvpi = 0.134 GeV, pion decay
constant fpi = 93 MeV and quark condensate
〈
ψ¯ψ
〉
=
−2× (0.25 GeV)3 in the vacuum [36].
A. Neutral Pion pi0
Correlation function
RPA
0.0 0.5 1.0 1.5 2.0
0.85
0.90
0.95
1.00
eB [GeV2 ]
m
π0(eB
)-m
πv
FIG. 1: The normalized pole mass of pi0 as a function
of eB in the NJL model. The blue solid line is
extracted from correlation function as in LQCD. And
the red dots are solved by RPA in momentum space.
In Fig.1, we show the pole mass mpi0(eB) of pi
0, nor-
malized by mvpi, as a function of the magnetic field
eB.The obtained pole mass from correlation function is
the same as that given in Ref.[13] but extended to larger
magnetic field region, where the increasing feature can
be well recognized. As predicted before, RPA in mo-
mentum space gives the same result as the one extracted
from the τ dependence of the correlation function, since
the momentum is still a good quantum number of pi0 in
magnetic field. Compared to the larger decreasing slope
in lattice simulations [17–19], the small slope found at
small eB can be improved by adopting eB dependent
coupling constant as well as a large current quark mass
[37] or by considering nonlocal interaction [27]. As men-
tioned in Ref. [35], the massless nature of the Goldstone
mode pi0 is automatically guaranteed in chiral limit by
applying the vacuum regularization to the polarization
functions.
If we define the quark-antiquark binding energy as
Eb = mpi0−2M , a monotonically decreasing feature can
be immediately identified, see the comparison of M and
Eb in Fig.2. We have proved that the dynamical quark
mass M increases linearly with large magnetic field [38],
and the calculation also shows that Eb linearly depend
on not too small B. So it is the slightly larger slope of
2M that renders the slow increasing feature of pi0 mass
at large B.
2M-Eb
0.0 0.5 1.0 1.5 2.0
0.5
1.0
1.5
2.0
eB [GeV2 ]
2M
,-E b
[GeV
]
FIG. 2: Comparison between the total constituent
quark mass 2M (solid) and the binding energy Eb of pi
0
(dashdotted line) with the change of magnetic field eB.
B. Charged Pion pi±
1. Point particles picture
Before we go to study the pi± mass in NJL model, it
is instructive to consider pi± as free point particles first.
The energy in a magnetic field can be quantized as
E2pi± = k
2
3 + (2n+ 1)|eB|+mvpi2 (36)
with n = 0, 1, . . . the Landau levels. The Fourier trans-
formation of their effective propagator was given as the
form [39]:
GPpi±(K) =
∫ ∞
0
ds
e−s[m
v
pi
2+K2‖+K
2
⊥
tanh(|eB|s)
|eB|s ]
cosh(|eB|s) . (37)
So by collecting up the Schwinger phase, the τ depen-
dence of the propagator of the point-like pi± can be
6worked out as
GPpi±(τ) =
1
2
√
pi
∫ ∞
0
ds
e−m
v
pi
2s− τ24s csch(eBs)√
s
[
(c− 1)2 + coth2(|eB|s)] .
(38)
We can check that the propagator is finite for any real
τ and c.
For point-like pi±, the pole mass is given by the energy
of the Lowest Landau level (LLL): E0 = (|eB|+mvpi2)1/2
and should be gauge invariant, which can be proved in
large time limit. In the limit τ → ∞, the integral is
dominated by the region s ∼ τ due to the exponent
−τ2/(4s). So we have the asymptotic expressions:
csch(eBs)→ 2 exp(−|eB|s), coth(|eB|s)→ 1,
and the proper-time integral can be carried out explic-
itly to give
GPpi±(τ) =
1√
[(c− 1)2 + 1]
e−E0τ
E0
. (39)
As can be seen, even though the gauge can affect the
prefactor, the pole mass is always the same, that is, E0.
The numerical extraction of the pole mass is depicted
in Fig.3, where the results perfectly agree with the LLL
energy E0 and are independent of the gauge parameter
c.
LLL
c=1.00
c=1.25
c=1.50
c=1.75
c=2.00
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
eB [GeV2 ]
m
π±(eB
)[Ge
V
]
FIG. 3: The pole mass of pi± as a function of eB with
the gauge constant c varying from 1 to 2 in the point
particle approximation. The analytical result
mpi±(eB) =
√
mvpi
2 + eB for LLL (dashdotted line) is
also shown for comparison.
The study can be directly extended to finite temper-
ature with the alterations:
K4 → 2npiT,
∫ ∞
−∞
dK4 → 2piT
∞∑
n=−∞
.
In this case, Eq.(38) changes accordingly to:
GPpi±(τ) =
∫ ∞
0
ds
e−m
v
pi
2s− τ24s csch(eBs)θ3
(
−i τ
4sT , e
−1
4sT2
)
2
√
pi
√
s
[
(c− 1)2 + coth2(|eB|s)] .
(40)
Here, GPpi±(τ) is a periodic function of τ with period
β ≡ 1/T , with θ3 for the elliptictheta function, thus
c=1
c=2
c=1
c=2
0.00 0.05 0.10 0.15 0.20
0.88
0.90
0.92
0.94
0.96
0.98
1.00
T [GeV]
m
π±(T
)/m
π±(0
)
2.0 GeV2
0.5 GeV2
FIG. 4: The normalized pole mass of pi± as a function
of T with the gauge constant c varying from 1 to 2 in
the point particle approximation for eB = 0.5 GeV2
(red band) and eB = 2.0 GeV2 (blue band).
even very large τ might not be useful to distinguish LLL
from higher LLs at high temperature. Following the ex-
traction scheme as in Ref. [18, 19], the fitting with trial
function A cosh (mpi±(τ − β/2)) around τ ∼ β/2 gives
the results as in Fig.4. The gauge invariance of the pole
mass seems to still remain at small T but breaks down
at larger one: the larger the magnetic field, the wider
the gauge invariant regime. As we know, the pi± mass is
always
√
mvpi
2 + eB in the point particle approximation
regardless of the temperature, the breaking of gauge in-
variance must be due to the mixing of higher LLs to
LLL at finite T . However, at very large eB, the higher
LLs are always suppressed compared to the LLL and
the pole mass is always
√
mvpi
2 + eB, thus the gauge in-
variance is guaranteed. This can be checked by taking
eB → ∞ in Eq.(40) which then renders the dominator
2
√
pi
√
s [(c− 1)2 + 1] with the gauge constant factored
out from the integration of s. Therefore, the extrac-
tion scheme of Ref. [18, 19] breaks down when T is not
much smaller than
√
mvpi
2 + eB; in this case, it’s much
better to introduce small isospin chemical potential and
extract the pole mass from the isospin density as it is
much more sensitive to the energy. It might be useful to
point out that the extraction scheme of Ref. [18, 19] is
still valid for finite temperature but with vanishing B,
since the energy can only be mvpi.
2. Composite bosons picture
Now, turn to the study of the pole mass in NJL model,
where pi± are composite bosons involving internal struc-
tures due to their collective excitation nature. Restrict
to T = 0, the results are illuminated in Fig.5, where
gauge independence seems to be still well satisfied. As
the Schwinger phase eventually vanishes in the symmet-
ric gauge due to the limit r′ → r, these results must be
the same as those obtained from the calculations in en-
ergy momentum space. In this way, we justified the
validity of effective fermion propagators to explore the
pole masses of charged composite bosons in a magnetic
field, such as that of ρ± in Ref. [13]. Compared to the
point particle results, the pole mass is slightly lighter in
small B regime and much heavier in the large B regime
in NJL model. A recent lattice simulation manifests a
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FIG. 5: The pole mass square of pi± as a function of
eB with the gauge constant c varying from 1 to 2 in
NJL model. The solution in momentum space (dotted
line) and the point particle result for LLL (dashdotted
line) are also shown for comparison.
decreasing feature of mpi± at large B by using HISQ
fermions [19], but the mass keeps increasing with the
asymptotic form
lim
B1
mpi±(eB) 'M(eB)
√√√√7−√15 + 36QdQu
Q2d +Q
2
u
(41)
in NJL model. The detailed derivation is reserved in the
Appendix A and the agreement with numerical results
is well illuminated in Fig. 6.
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FIG. 6: Comparison between the numerical result (red
dots) and asymptotic one Eq.(41) (black solid line) for
the pole mass of pi± in the large eB regime.
In the following, we try to give semi-analytic proofs
of the gauge independence of the extracted pi± pole
mass by introducing infrared cutoff directly to s in
Eq.(33). As we can tell, the effective polarization func-
tion Πpi±pi∓(K⊥,K4) depends on the transverse mo-
mentum K⊥ only through the dimensionless quantity
K2⊥/eB. For different K⊥, the corresponding energy
Epi±(K⊥) of pi± can be determined by the pole of
Eq.(32) in Minkovski space, which is demonstrated in
Fig.7 for several values of eB. One can easily identify
that the smallest Epi± always locates at K
2
⊥ = 0 re-
gardless of the magnetic field. Since only the modes
with the lowest energy are preferred in large τ limit, we
have K2⊥ = 0 for the extraction of pi
± mass. Under this
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)
FIG. 7: The normalized energy Epi± of pi
± mode as a
function of the dimensionless quantity K˜2 ≡ K2⊥/eB
for several values of eB.
restriction, Eq.(34) becomes
Gpi±(τ) ≈ C(eB, c)
∫ ∞
−∞
dK4 e
−iK4τGpi±(0,K4), (42)
where the gauge constant c only appears in dimension-
less prefactor C(eB, c). As a result, the pole mass of
pi±, extracted from the evolution with τ , is gauge in-
dependent and equals to Epi±(0). As the Schwinger
phase vanishes for c = 1, we’ve justified that the pole
masses of charged particles can be calculated in momen-
tum space by following RPA, such as had been done in
Ref. [13, 21, 22]. As a byproduct, we note that the lo-
cal peaks of Epi± in Fig.7 for large eB are relevant to
the peak point shifting of Πpi±pi∓ from K
2
⊥ = 0, see
Appendix B for explicit demonstrations.
IV. CONCLUSION
In this work, we have investigated the pole masses
of both neutral and charged pions in a magnetic field
under the framework of two-flavor NJL model. To study
the gauge dependence, we adopted a general form for
the vector potential. The linear response theory was
applied to derive the correlation functions in coordinate
space, which is then used to extract the pole masses by
following the common scheme of lattice QCD [16].
For both neutral and charged pions, the same
Schwinger phases were reproduced as when they are
treated as point particles without internal structures. It
is expected that the magnetic field leads to mass split-
ting between pi0 and pi± due to the explicit breaking
of SUV (2) isospin symmetry. As a result, pi
0 is the
only pseudo-Goldstone mode left in magnetic field. A
non-monotonic feature was found in the B dependence
of pi0 mass due to the competition between increasing
dynamical quark mass and decreasing binding energy.
We payed more attention to pi± and showed that the
pole mass is gauge independent by following the lattice
scheme [16]. In large B limit, we proved the gauge in-
dependence and obtained an asymptotic form for the
pole mass, which implies an increasing feature with B.
However, recent lattice simulations find an unexpected
decreasing feature of pi± pole mass, so some impor-
tant effects might be missing in NJL model, such as
8the recently proposed effect of anomalous magnetic mo-
ment [40]. That comprises the next step of our study of
pion masses in NJL model.
V. ACKNOWLEDGEMENT
G.C. is supported by the National Natural Science
Foundation of China with Grant No. 11805290 and
Young Teachers Training Program of Sun Yat-sen Uni-
versity with Grant No. 19lgpy282.
Appendix A: Charged pion mass in large B limit
Here, we try to derive an asymptotic form for the pole
mass of pi± in large B limit. By adopting the symmetric
gauge, we can work in energy momentum space. As
mentioned before, we’ve derived the asymptotic form of
the dynamical mass as [38]
M2 = Nc
G
6pi2
(B2u + B2d).
In large B limit, the vacuum term is not important for
the polarization function, so we are left with ∆ΠBpi±pi∓
which becomes
∆ΠBpi±pi∓(K)=
Nc
4pi2
∫ ∞
0
ds
∫ 1
−1
du e−
K24(1−u2)s
4 −M2s
{[
K24 (1−u2)
4
− 1
s
−M2
][
1 + tanh
(B+d s) tanh (B−u s)
tanh
(B+d s) /Bd+tanh (B−u s) /Bu − 1s
]
−
[
sech (B−u s) sech
(B+d s)
tanh
(B+d s) /Bd + tanh (B−u s) /Bu
]2
+
1
s2
 . (A1)
As M2(eB) quadratically increases with eB, only the integral regime around s ∼ 1/M2(eB) is important, which
means Bf  1. Then, we surprisingly find that small s approximation is allowed even for large eB and get
1 + tanh
(B+d s) tanh (B−u s)
tanh
(B+d s) /Bd + tanh (B−u s) /Bu − 1s → 124B2u(1− u)3 + 14BuBd(1− u)(1 + u) + 124B2d(1 + u)3, (A2)
−
[
sech (B−u s) sech
(B+d s)
tanh
(B+d s) /Bd + tanh (B−u s) /Bu
]2
+
1
s2
→ 1
6
(B2u + B2d) +
1
12
(B2u − B2d)(u3 − 3u). (A3)
Now, the integration over u and s can be carried out explicitly to give
∆ΠBpi±pi∓(K) =
Nc
6pi2
[
arcsinh
(
k4
2m
)
k34E
3
4
(
6M2(eB)2(2M2 + k24) + k
2
4(B2u + B2d)
)− 3M2(eB)2 + k24(B2u + B2d)
k24E
2
4
]
(A4)
with E4 = (4M
2 + k24)
1/2. By applying the approximation arcsinh(x)
x
√
1+x2
≈ 11+x2/2 , the polarization function is further
simplified to
∆ΠBpi±pi∓(K) =
Nc
6pi2
M2(B2u − 18BuBd + B2d) + k24(B2u + B2d)
E24(E
2
4 + 4M
2)
. (A5)
Thus, the inverse propagator in RPA becomes
1
2G
+ ∆ΠBpi±pi∓(K) =
Nc(B2u + B2d)
6pi2M2
+
Nc
6pi2
M2(B2u − 18BuBd + B2d) + k24(B2u + B2d)
E24(E
2
4 + 4M
2)
, (A6)
and the zero point is found at
mpi± = M
√√√√7−√15 + 36QdQu
Q2d +Q
2
u
after taking the analytic continuation: k4 → impi± .
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FIG. 8: The effective polarization function Πpi±pi∓ distribution in energy momentum space for several values of
eB: (a) 0.5 GeV2, (b) 1.0 GeV2, (c) 1.5 GeV2 and (d) 2.0 GeV2.
Appendix B: The effective polarization function Πp˜i±p˜i∓
In Fig.8, we illuminate the 3D plots of the effective polarization function Πpi±pi∓ in energy momentum space for
several values of magnetic fields. As we can see, the peak shifts from K2⊥ = 0 to finite with the increase of eB,
which physically corresponds to the reduction of effective motion radius of charged particles in an external magnetic
field.
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